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We report on the fractional quantum Hall states of germanene and silicene where one expects
a strong spin-orbit interaction. This interaction causes an enhancement of the electron-electron
interaction strength in one of the Landau levels corresponding to the valence band of the system.
This enhancement manifests itself as an increase of the fractional quantum Hall effect gaps compared
to that in graphene and is due to the spin-orbit induced coupling of the Landau levels of the
conduction and valence bands, which modifies the corresponding wave functions and the interaction
within a single level. Due to the buckled structure, a perpendicular electric field lifts the valley
degeneracy and strongly modifies the interaction effects within a single Landau level: in one valley
the perpendicular electric field enhances the interaction strength in the conduction band Landau
level, while in another valley, the electric field strongly suppresses the interaction effects.
The unique electronic properties of graphene [2, 3], for
example, that of the interacting Dirac fermions in an ex-
ternal magnetic field [4–7] have captivated our collective
attention now for almost a decade. However, very re-
cently, other emergent Dirac materials, such as silicene
and germanene have rapidly gained considerable atten-
tion [8] because of their even greater promises. These
systems are similar in structure as that of graphene, and
hence contain those remarkable properties of graphene,
and then some [9–11]. They are monolayers of silicon
and germanium with hexagonal lattice structures where
the low energy charge carriers are also massless Dirac
fermions [12]. The interesting additional behavior lies in
the buckled structure [13] of these systems due to their
larger ionic radius than that of carbon, whereby the two
sublattices in these systems are displaced vertically. As a
consequence, a large spin-orbit interaction (SOI) induced
gap opens up at the Dirac points (∆so ≈ 1.55− 7.9 meV
for silicene [10] and ∆so ≈ 24 − 93 meV for germanene
[10]). This is in contrast to the tiny SO gap of about
25 µeV in graphene [14]. The buckled structure of the
lattice allows for the band gap to be tunable [15]. It has
been suggested that with an applied perpendicular elec-
tric field the band gap can actually be controlled [16] as
the size of the band gap increases linearly with the elec-
tric field strength. Quite naturally, this has generated a
huge surge in interest in exploring the properties of Dirac
fermions in these two systems, with an eye to their great
potential for device applications. The fractional quantum
Hall effect (FQHE) states of interacting Dirac fermions
[4–7] are particularly intriguing in this context. The SOI
is expected to significantly enhance the FQHE gap [17].
The large SO coupling in the present systems makes the
FQHE states uniquely susceptible to an external control,
and consequently a greater insight into the effect.
The FQHE in graphene has revealed some novel fea-
tures specific to the relativistic systems. The electron-
electron interactions are the strongest not in the n = 0
Landau level (LL) as in conventional semiconductor sys-
tems, but in the n = 1 LL, which results in the largest
FQHE gaps in the n = 1 LL [4]. Here n is the LL index.
The wave functions in the n = 0 LL in graphene are com-
pletely identical to the wave functions of the n = 0 LL
of a conventional (nonrelativistic) system. The buckled
structure of silicene and germanene not only modify their
energy spectrum from that of graphene but the strong
SOI also lifts the spin degeneracy, while an external elec-
tric field lifts the valley degeneracy of the energy levels.
In a magnetic field, the LL spectra and the correspond-
ing wave functions can be also modified and controlled by
the electric field. Here we study the effects of the electric
field on the correlation properties of the Dirac fermions
in the FQHE regime. The measure of the strength of the
electron-electron interactions can be characterized by the
magnitude of the corresponding FQHE gaps. For bilayer
graphene, it was shown [5, 6] that the bias voltage can
strongly modify the property of the FQHE states and
in some cases even increase the corresponding gap com-
pared to that of the monolayer graphene. These effects
are expected for monolayer silicene and germanene solely
due to the SOI.
The low-energy Hamiltonian of the silicine/germanene
monolayer is given by [16]
Hη = vF
(
pxτx − ηpyτy
)
+ ητzh+ LzEzτz , (1)
where
h = −λSOσz − a~−1λR
(
pyσx − pxσy
)
, (2)
η = +1 (K valley) and −1 (K ′ valley), τα and σα are the
Pauli matrices corresponding to the sublattices (A and
B) and the spin degrees of freedom, respectively. The pa-
rameters in Eqs. (1)-(2) are: vF is the Fermi velocity, a
is the lattice constant, λSO is the SO coupling, and λR is
the intrinsic Rashba SO coupling. For germanene and sil-
icene these parameters are a = 4.063 A˚, vF = 7.26× 105
m/s, Lz = 0.33 A˚, λSO = 43 meV, λR = 10.7 meV
for germanene and a = 3.866 A˚, vF = 8.47 × 105 m/s,
20 10 20 30 40
-0.2
-0.1
0.0
0.1
 
 
-0.2
-0.1
0.0
0.1
(b)
(a)
Magnetic field (T) 
 
 
En
er
gy
 (e
V
) 
FIG. 1: Energies of three LLs corresponding to the Hamil-
tonian (3) as a function of the perpendicular magnetic field.
The perpendicular electric field is (a) E
z
= 0 and (b) E
z
= 0.1
V/A˚. For E
z
= 0, each level has twofold valley degeneracy.
The degeneracy is lifted for a finite electric field [panel (b)],
where the levels of the K valley are shown by solid lines, and
the levels of K′ valley are shown by dashed lines. The results
shown here are for germanene.
Lz = 0.23 A˚, λSO = 3.9 meV, λR = 0.7 meV for silicene.
The wave functions corresponding to the Hamiltonian (1)
have four components of the form
(
ψA↑, ψB↑, ψA↓, ψB↓
)
,
where ψAα and ψBα determine the amplitude of the wave
function in sublattice A and B, respectively, with spin di-
rection s =↑, ↓. In a magnetic field, the momentum ~p is
replaced by the generalized momentum ~π = ~p + e ~A/c,
where ~A is the vector potential. To describe the LL wave
functions, it is convenient to introduce the Landau func-
tions of the nonrelativistic system φn↑ (φn↓) in the corre-
sponding nonrelativistic LL with index n and spin direc-
tion ↑ or ↓. Then the structure of the LL wave functions
in silicene/germanene can be schematically (without the
coefficients) described as (φn↑, φn+1↑, φn−1↓, φn↓) (K val-
ley) and (φn+1↑, φn↑, φn↓, φn−1↓) (K
′ valley).
The FQHE is expected only in those LLs whose wave
functions are mixtures of φ0 and φ1 [6, 7]. There are two
types of such LLs in silicene/germanene. The first type
has the wave function of the form (0, φ0↑, 0, 0) (for K val-
ley). This LL consists of only φ0 and the interaction in
this LL is exactly the same as that in the n = 0 non-
relativistic semiconductor system or in graphene. The
corresponding gaps are exactly the same as in a nonrel-
ativistic system and they do not depend on the external
electric field.
The second type of the wave functions has the form
Ψ2 = (C1φ0↑, C2φ1↑, 0, C3φ0↓) (we consider only the K
valley and include the coefficients C1, C2, and C3 in the
wave functions). The wave functions Ψ2 effectively have
three components and they are mixtures of the n = 0 and
n = 1 nonrelativistic functions. In the basis of functions
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FIG. 2: The ν = 1/3 gap in three LLs corresponding to the
Hamiltonian (3) as a function of the magnetic field. The
electric field is zero. The results are shown for (a) germanene
and (b) silicene. The color of the lines corresponds to the color
of the LL shown in Fig. 1(a). The 1/3 gaps of the graphene
monolayer in the n = 0 (∆
(gr)
0 ) and n = 1 (∆
(gr)
0 ) LLs are also
shown. The finite size system has eight electrons.
Ψ2 the Hamiltonian has the 3× 3 matrix form
H2 =

 −λSO + S+ ~ωB 0~ωB λSO − S− −i√2(a/ℓ0)λR
0 i
√
2(a/ℓ0)λR −λSO − S+


(3)
where ℓ0 = (~/eB)
1/2 is the magnetic length, ωB =√
2vF /ℓ0, and we have introduced the notations S+ =
LzEz + ∆z, S− = LzEz − ∆z. Here ∆z = gµBB is
the Zeeman energy and we assumed that the g-factor in
germanene/silicene is close to that of graphene g ≈ 2.2.
The eigenvalues and eigenvectors of the matrix Hamil-
tonian (3) determine the energies of three LLs and the
corresponding wave functions (coefficients C1, C2, C3).
In the FQHE regime a given LL is partially occu-
pied and the ground state of the electron system and
the corresponding excitations are completely determined
by the electron-electron interactions. The strength of
the electron-electron interactions can be described by the
Haldane’s pseudopotentials, Vm, [19] which are the ener-
gies of two electrons with relative angular momentum
m. For the wave function Ψ2 = (C1φ0↑, C2φ1↑, 0, C3φ0↓),
which is characterized by the coefficients C1, C2, and C3,
the Haldane’s pseudopotentials are
Vm =
∫ ∞
0
dq
2π
qV (q) [F (q)]
2
Lm(q
2)e−q
2
, (4)
where Lm(x) are the Laguerre polinomials, V (q) =
2πe2/(κℓ0q) is the Coulomb interaction in the momen-
tum space, κ is the dielectric constant, and F (q) is the
corresponding form factor,
F (q) =
(|C1|2 + |C3|2)L0 (q2/2)+ |C2|2L1 (q2/2) , (5)
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FIG. 3: The ν = 1/3 gap for three LLs corresponding to
the Hamiltonian (3) as a function of the magnetic field. The
electric field is E
z
= 0.1 V/A˚. The results are for (a,b) silicene
and (c,d) germanene. The color of the lines corresponds to
the color of the LL in Fig. 1. The panels (a,c) correspond
to the K valley, while the panels (b,d) correspond to the K′
valley. The 1/3 gaps of the graphene monolayer in the n = 0
(∆
(gr)
0 ) and n = 1 (∆
(gr)
0 ) LLs are also shown.
To explore the correlation effects and the strength of
electron-electron interactions in a many electron ger-
manene/silicene system we consider below the partially
occupied LL with a fractional filling factor corresponding
to the FQHE [18]. We study the many-electron system at
fractional filling factors numerically within the spherical
geometry [19]. With the known Haldane’s pseudopoten-
tials (4) we determine the interaction Hamiltonian matrix
[20] and then numerically evaluate a few lowest eigen-
values and eigenvectors of this matrix. The FQHE is
observed when the ground state of the system is an in-
compressible liquid, the energy spectrum of which has a
finite many-body gap. The magnitude of the gap indi-
cates the interaction strength within a single LL and also
determines the stability of the FQHE state. In conven-
tional nonrelativistic system the FQHE is observed only
in two lowest Landau levels, while in the higher Landau
levels the charge density wave with gapless excitations
has lower energy [21]. The most stable FQHE state, i.e.,
with the largest gap, is realized in the n = 0 LL in con-
ventional nonrelativistic systems and in the n = 1 LL in
a graphene monolayer.
In Fig. 1 the energy spectra, corresponding to the
Hamiltonian (3) and consisting of three LLs, is shown for
germanene as a function of the magnetic field. The re-
sults are for zero electric field [Fig. 1(a)] and for Ez = 0.1
V/A˚ [Fig. 1 (b)]. For Ez = 0, each LL has twofold val-
ley degeneracy, which is lifted for a finite electric field.
In Fig. 1(b) the LL of the K and K ′ valleys are shown
by solid and dashed lines, respectively. Without the SOI
and for zero electric field, three LLs correspond to three
LLs of graphene with energies ε = 0 (n = 0 LL), and
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FIG. 4: The ν = 1/3 gap in three LLs corresponding to the
Hamiltonian (3) as a function of the SOI (λSO). The electric
field is E
z
= 0.1 V/A˚. The results are for germanene. The
color of the lines corresponds to the color of the LL shown
in Fig. 1. The panels (a,b) correspond to K valley, while the
panels (c,d) correspond to K′ valley. The magnetic field is
(a,c) B = 15 T and (b,d) B = 30 T. The 1/3-FQHE gaps of
the graphene monolayer in the n = 0 (∆
(gr)
0 ) and the n = 1
(∆
(gr)
0 ) LLs are also shown.
ε = ±~ωB ∝ ±
√
B (n = ±1 LLs). The SOI cou-
ples these states, which results in mixing of the corre-
sponding wave functions and shifting of the energy lev-
els, which is clearly seen in Fig. 1. The level shown
by a red line in Fig. 1, and which originated from the
n = 0 LL of graphene, has a weak magnetic field de-
pendence. For zero electric field the energy spectra can
be found analytically and the three LLs shown in Fig.
1(a) have energies ε = λSO [red line in Fig. 1(a)] and
ε = ±
√
λ2SO + ~
2ω2B (1 + a
2λ2R/~
2v2F ) (black and blue
lines). In this case the energy and the structure of the
LL, shown by red line in Fig. 1(a), do not depend on the
magnetic field. The wave functions of this LL consist of
φ0-type of nonrelativistic wave functions only. In a finite
perpendicular electric field Ez [see Fig. 1(b)], the LLs,
shown by red lines in Fig. 1(b), acquire a weak magnetic
field dependence. Strong lifting of the valley degeneracy
is also observed in Fig. 1(b). The data in Fig. 1 are for
germanene. For silicene, the results are similar but with
a smaller energy scale due to the weaker SOI in silicene.
It is convenient to label the LLs shown in Fig. 1 follow-
ing the labeling scheme of graphene: n = −1, n = 0,
and n = 1 LLs are shown by blue, red, and black lines,
respectively.
The ν = 1/3 gaps for different LLs are shown in Fig.
2 for zero electric field. The gaps ∆
(gr)
0 and ∆
(gr)
1 of
graphene in the n = 0 and the n = 1 LLs are also shown.
For the n = 0 germanene/silicene LL, the gap is exactly
the same as that of graphene (∆
(gr)
0 ). The difference
between the gaps in the n = −1 and n = 1 LLs of ger-
manene/silicene and the gap ∆
(gr)
1 of graphene illustrates
4the SO-induced coupling of the n = −1 and n = 1 LLs.
For silicene, the SO coupling is weak, which results in a
small deviation of the gaps from the ∆
(gr)
1 value and a
small splitting of the n = −1 and n = 1 gaps. The strong
SO coupling in germanene results in a large splitting of
the gaps in the n = −1 and n = 1 LLs [see Fig. 2(a).
The difference between the gaps in these LLs becomes
smaller with increasing magnetic field. The FQHE in the
n = −1 LL [blue line in Fig. 2(a)] is always greater than
the largest gap ∆
(gr)
1 in graphene, while the gap in the
n = 1 LL [black line in Fig. 2(a)] is strongly suppressed,
especially for small magnetic fields. Due to twofold valley
degeneracy of the LLs in zero electric field, the behavior
shown in Fig. 2 is the same for both valleys, K and K ′.
In a finite electric field, the LLs in different valleys
have different properties, which results in different values
of the gaps. In Fig. 3 the gaps in the LLs of germanene
and silicene are shown as a function of the magnetic field
for E = 0.1 V/A˚ and different valleys. While the gap
in the n = 0 LL, similar to the case of Ez = 0, has a
weak magnetic field dependence, the gaps in the n = 1
and n = −1 LLs are strongly modified compared to the
Ez = 0 case. The changes in the behavior of the gaps are
however quite different for silicene and germanene.
For silicene [see Fig. 3(a,b)], the application of a per-
pendicular electric field strongly increases the difference
between the values of the gaps in the n = 1 and n = −1
LLs. The gap in the n = −1 LL is larger, while the gap in
the n = 1 LL is smaller than the gap ∆
(gr)
1 in graphene.
The behavior of the gaps is the same for both valleys,
while for the K ′ valley the gap in the n = 1 LL is smaller
than the one in the K valley. A different situation occurs
for germanene, where the electric field reduces the differ-
ence between the gaps in the n = −1 and n = 1 LLs for
the K valley and increase this difference for the K ′ valley
[Fig. 3(c,d)]. The electric field also suppresses the gap in
the n = −1 LL for the K ′ valley [Fig. 3(d)]. For small
magnetic fields, B . 15 T, the gap in the n = −1 LL of
the K ′ valley becomes even less than the gap ∆
(gr)
1 . This
behavior shows a strong sensitivity of the gaps on the
magnitudes of the applied electric field and the magnetic
field.
The above results illustrate the importance of the SOI
in determining the properties of the graphene-like sys-
tems. To illustrate the effect of the SOI on the value
of the gaps, we vary the SO parameters, λSO, keeping
all other parameters constant and equal to the param-
eters of germanene. The corresponding dependence of
the gaps on λSO is shown in Fig. 4 for an electric field
Ez = 0.1 V/A˚ and for B = 15 T and B = 30 T. The
gaps show clear nonmonotonic dependence on λSO with
a local maximum (minimum) at λSO ≈ 35 meV. For the
K valley, both for the n = −1 and n = 1 LLs the gaps
are large and comparable to that in graphene. ForK ′ the
behavior is different. While for the n = −1 LL the gap is
large and has a minimum at λSO ≈ 45 meV (at B = 15
T), the gap for the n = 1 LL is strongly suppressed with
increasing λSO. The suppression is stronger for smaller
magnetic fields.
In conclusion, we have shown that in graphene-like
systems such as germanene and silicene, which have a
strong SO interaction, there is an enhancement of the
electron-electron interaction strength in one of the LL
levels, which corresponds to the valence band of the sys-
tem. This enhancement manifests itself as an increase
of the gaps compared to that of graphene and is due
to the SO-induced coupling of the LLs of the conduc-
tion and valence bands, which modifies the correspond-
ing wave functions and the interaction within a single LL.
A perpendicular electric field lifts the valley degeneracy
of the systems and strongly modifies the interaction ef-
fects within a single LL. In one valley the electric field
enhances the interaction strength (and the corresponding
gaps) in the conduction band LL, while in another val-
ley, the electric field strongly suppresses the interaction
effects.
The work has been supported by the Canada Research
Chairs Program of the Government of Canada.
[‡] Electronic address: Tapash.Chakraborty@umanitoba.ca
[2] H. Aoki and M.S. Dresselhaus (Eds.), Physics of
Graphene (Springer, New York, 2014).
[3] D.S.L. Abergel, V. Apalkov, J. Berashevich, K. Ziegler,
and T. Chakraborty, Adv. Phys. 59, 261 (2010).
[4] V.M. Apalkov and T. Chakraborty, Phys. Rev. Lett. 97,
126801 (2006).
[5] V.M. Apalkov and T. Chakraborty, Phys. Rev. Lett. 105,
036801 (2010); Phys. Rev. Lett. 107, 186803 (2011).
[6] T. Chakraborty and V. Apalkov, in [2] Ch. 8; T.
Chakraborty and V.M. Apalkov, Solid State Commun.
175, 123 (2013).
[7] V. Apalkov and T. Chakraborty, Solid State Commun.
177, 128 (2014); D.S.L. Abergel and T. Chakraborty,
Phys. Rev. Lett. 102, 056807 (2009); D. Abergel, V.
Apalkov, and T. Chakraborty, Phys. Rev. B 78, 193405
(2008); D. Abergel, P. Pietila¨inen, and T. Chakraborty,
Phys. Rev.B 80, 081408 (2009); V. Apalkov and T.
Chakraborty, Phys. Rev. B 86, 035401 (2012).
[8] A. Kara, H. Enriquez, A.P. Seitsonen, L.C. Lew Yan
Voone, S. Vizzini, B. Aufray, H. Oughaddoub, Surf. Sci.
Rep. 67, 1 (2012); Qing Tang, Zhen Zhou, Progress in
Materials Science 58, 1244 (2013). See also, H. Ros-
tami, A.G. Moghaddam, and R. Asgari, Phys. Rev. B 88,
085440 (2013); A. Kormanyos, V. Zolyomi, N.D. Drum-
mond, P. Rakyta, G. Burkard, and V.I. Falko, Phys. Rev.
B 88, 045416 (2013), for other similar systems.
[9] K. Takeda and K. Shiraishi, Phys. Rev. B 50, 14916
(1994).
[10] Cheng-Cheng Liu, Wanxiang Feng, and Yugui Yao, Phys.
Rev. Lett. 107, 076802 (2011); Cheng-Cheng Liu, Hua
Jiang, and Yugui Yao, Phys. Rev. B 84, 195430 (2011).
5[11] Yangyang Wang, Jiaxin Zheng, Zeyuan Ni, Ruixiang
Fei, Qihang Liu, Ruge Quhe, Chengyong Xu, Jing Zhou,
Zhengxiang Gao, and Jing Lu, NANO 7, 1250037 (2012)
[DOI: 10.1142/S1793292012500373]; Fu-Bao Zheng and
Chang-wen Zhang, Nanoscale Research Letters 7, 422
(2012) [doi:10.1186/1556-276X-7-422].
[12] B. Lalmi, H. Oughaddou, H. Enriquez, A. Kara, S.
Vizzini, B. Ealet, and B. Aufray, Appl. Phys. Lett. 97,
223109 (2010); P. Vogt, Paola De Padova, C. Quares-
ima, J. Avila, E. Frantzeskakis, Maria Carmen Asensio,
A. Resta, B. Ealet, and Guy Le Lay, Phys. Rev. Lett.
108, 155501 (2012); Lan Chen, Cheng-Cheng Liu, Bao-
jie Feng, Xiaoyue He, Peng Cheng, Zijing Ding, Sheng
Meng, Yugui Yao, and Kehui Wu, Phys. Rev. Lett.
109, 056804 (2012); Paola De Padova, C. Quaresima, B.
Olivieri, P. Perfetti, and Guy Le Lay, Appl. Phys. Lett.
98, 081909 (2011); A. Fleurence, R. Friedlein, T. Ozaki,
H. Kawai, Ying Wang, and Yukiko Yamada-Takamura,
Phys. Rev. Lett. 108, 245501 (2012).
[13] Lei Meng, Yeliang Wang, Lizhi Zhang, Shixuan Du,
Rongting Wu, Linfei Li, Yi Zhang, Geng Li, Haitao Zhou,
Werner A. Hofer, and Hong-Jun Gao, Nano Lett. 13, 685
(2013).
[14] M. Gmitra, S. Konschuh, C. Ertler, C. Ambrosch-Draxl,
and J. Fabian, Phys. Rev. B 80, 235431 (2009).
[15] N.D. Drummond, V. Zolyomi, and V. I. Fal’ko, Phys.
Rev. B 85, 075423 (2012).
[16] Zeyuan Ni, Qihang Liu, Kechao Tang, Jiaxin Zheng, Jing
Zhou, Rui Qin, Zhengxiang Gao, Dapeng Yu, and Jing
Lu, Nano Lett. 12, 113 (2012); M. Ezawa, New J. Phys.
14, 033003 (2012).
[17] M. Califano, T. Chakraborty and P. Pietila¨inen, Phys.
Rev. Lett. 94, 246801 (2005).
[18] T. Chakraborty, and P. Pietila¨inen, The Fractional
Quantum Hall Effect (Springer, New York 1988); The
Quantum Hall Effects (Springer, New York 1995); T.
Chakraborty, Surf. Sci. 229, 16 (1990); Adv. Phys.
49, 959 (2000); T. Chakraborty and P. Pietila¨inen,
Phys. Rev. Lett. 76, 4018 (1996); V.M. Apalkov, T.
Chakraborty, P. Pietila¨inen, and K. Niemela¨, Phys. Rev.
Lett. 86, 1311 (2001); T. Chakraborty, P. Pietila¨inen,
and F.C. Zhang, Phys. Rev. Lett. 57, 130 (1986); T.
Chakraborty and F.C. Zhang, Phys. Rev. B 29, 7032
(R) (1984); F.C. Zhang and T. Chakraborty, Phys. Rev.
B 30, 7320 (R) (1984).
[19] F.D.M. Haldane, Phys. Rev. Lett. 51, 605 (1983); F.D.M.
Haldane and E.H. Rezayi, ibid. 54, 237 (1985).
[20] G. Fano, F. Ortolani, and E. Colombo, Phys. Rev. B 34,
2670 (1986).
[21] M. M. Fogler and A. A. Koulakov, Phys. Rev. B 55, 9326
(1997).
